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We introduce both an exactly solvable model and a coupled-layer construction for an exotic, three-
dimensional phase of matter with immobile topological excitations that carry a protected internal
degeneracy. Unitary transformations on this degenerate Hilbert space may be implemented by
braiding certain point-like excitations. This provides a new way of extending non-Abelian statistics
to three-dimensions.
A core concept in the quantum theory of indistinguish-
able particles is quantum statistics. While fundamen-
tal particles in nature only obey either Bose or Fermi
statistics, the notion of particle statistics also applies to
quasiparticles – emergent, point-like excitations in many-
body systems with an energy gap – through the geometric
phase accumulated in a braiding process, whereby two
identical quasiparticles are adiabatically interchanged.
The allowed statistics are constrained by the topology
of quasiparticle trajectories in the braiding process. As
a consequence of the non-trivial topology of braids in
(2 + 1)-dimensional spacetime, certain quasiparticles in
two dimensions – known as anyons [1] – are allowed to
have statistics other than Bose or Fermi [2, 3]. Non-
Abelian anyons [4, 5] are particularly interesting, since
a state of well-separated non-Abelian anyons carries a
degeneracy that cannot be lifted through local perturba-
tions. Braiding a pair of these excitations can implement
a unitary transformation on this space of states. Efforts
to search for non-Abelian anyons are underway [6, 7].
Do particles with neither Bose nor Fermi statistics ex-
ist in three dimensions? A standard argument rules out
this possibility based on the observation that exchanging
a pair of particles twice in a (3+1)-dimensional spacetime
is topologically equivalent to no exchange. This implies
that two exchanges must leave the quantum state invari-
ant, hence a single exchange can only generate a phase
factor ±1, corresponding to Bose or Fermi particle statis-
tics, respectively.
Despite this no-go argument, the possibility of lifting
anyons to three dimensions has long fascinated physicists.
It is known that in three-dimensional lattice gauge theo-
ries with a discrete, non-Abelian gauge group, point-like
charge excitations can carry a protected internal degen-
eracy with integer “quantum dimension” [8, 9]. Nonethe-
less, these excitations still have Bose or Fermi statis-
tics, and their internal state remains unchanged under
braiding. Other possibilities have also been explored.
An intriguing study [10] suggested that Majorana zero
modes on the surface of a superconducting topological
insulator [11] display braiding properties analogous to
non-Abelian anyons, despite living in a three-dimensional
system. However, these Majorana zero modes cannot be
spatially separated at finite energy cost [12]. Such ob-
jects, now commonly referred to “twist defects”, are not
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FIG. 1. The Model: We consider layers of of complex
fermions on the sites of a square lattice (f), coupled to
fermions that lie on the links (c) which play the role of a static
Z2 gauge field. Within each layer, the hopping and pairing in-
teraction of the fermions are mediated by the fermions on the
links, which interact at each plaquette as shown. The gauge
symmetry of the Hamiltonian (1) is implemented by the op-
erator Gj,` = Γ
(f)
j,`−1Oj,` Γ(f)j,`+1 which couples adjacent layers,
with Oj,` as defined in the main text. The ground-state re-
alizes an exotic phase with immobile, point-like excitations
that carry a protected internal degeneracy.
deconfined quasiparticles.
In this Letter, we demonstrate the existence of a
new type of deconfined point-like excitation in three di-
mensions, which carries a protected degeneracy as non-
Abelian anyons in two dimensions do, but cannot move
freely without paying an energy cost. These fundamen-
tally immobile particles – termed “fractons” [13] – have
been theoretically discovered in recent years [14–17] and
have attracted increasing interest in such diverse fields as
topological quantum matter, lattice gauge theory, quan-
tum information, and many-body localization [17–25].
Being unable to move, fractons evade the standard ar-
gument for particle statistics relying on the topology of
worldlines. This enables our generalization of the notion
of non-Abelian particles to three dimensions. The non-
Abelian fractons found in this work can provide an alter-
nate platform for quantum computation, with increased
robustness against thermal errors.
We introduce two lattice models which support such
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2“non-Abelian fracton” excitations. The first is an ex-
actly solvable fermion model that describes a chiral phase
where the fractons have irrational quantum dimension.
This phase is constructed from two-dimensional layers of
px+ ipy superconductors interacting with Z2 gauge field,
and by further coupling these layers in a nontrivial way.
The interlayer coupling turns fluxes into deconfined, im-
mobile point-like excitations, i.e., fractons. As a result,
when the parent superconducting state on each layer is
topologically nontrivial, the fluxes acquire a
√
2 quan-
tum dimension, yielding “non-Abelian” fracton excita-
tions in a three-dimensional phase. Certain pairs of these
fractons behave as non-Abelian anyons with well-defined
statistics. The second model we present is constructed
from interacting layers of two-dimensional G-gauge the-
ories for a finite group G [26], which are stacked along all
three directions. This isotropic layer construction yields
point-like, immobile excitations with integer quantum di-
mension. In both models, fractons can only be created,
in multiples of four, at the corners of an operator with
support on a membrane-like region. This defining prop-
erty of fractons is fundamentally distinct from that of
anyons, which are created in pairs, at the ends of string-
like Wilson line operators.
We begin with a detailed description of our first model.
Consider a vertical stack of two-dimensional square lat-
tice planes, as shown in Fig. 1. Within each plane `,
there are two types of fermions living on the sites (de-
noted fj,`) and bonds (denoted cij,`) of the lattice. Our
solvable Hamiltonian is given by:
H =
∑
`
H` −K
∑
`,p
Bp,` −
∑
`,j
Gj,`. (1)
where H` is defined for every layer (`), Bp,` for every
plaquette (p), and Gj,` at every site j on adjacent planes
` and `+ 1, as indicated in Fig. 1.
The first term in the Hamiltonian takes the form
H` =
∑
〈i, j〉
[
−t f†i,` Γ(c)ij,` fj,` + ∆ij f†i,` Γ(c)ij,`f†j,` + h.c.
]
− µ
∑
i
f†i,`fi,`. (2)
where
Γ
(c)
ij,` ≡(−1)c
†
ij,`cij,` = 1− 2c†ij,`cij,` (3)
is the parity of the fermions along link (i, j) in layer `. H`
describes f fermions in a (px + ipy)-wave paired state on
each plane, with a nearest-neighbor hopping t and pairing
∆ij on the two-dimensional square lattice, with ∆ij =
∆ on +x links and i∆ on +y links. Importantly, these
“matter fermions” f interact with “gauge fermions” c via
Ising gauge coupling, with the parity of the c fermions on
the links Γ(c) = ±1 playing the role of a Z2 gauge field.
In the second term of (1), the operator Bp,` is given by
the product of the fermion parities Γ
(c)
ij,` along the links
surrounding plaquette p in layer `
Bp,` ≡
∏
〈i, j〉∈∂p
Γ
(c)
ij,` (4)
The ±1 eigenvalue of Bp,` measures the Z2 flux of the
gauge field through this plaquette.
The last term in the Hamiltonian describes an interac-
tion between fermions on adjacent layers. The operator
Gj,`, which is shown schematically in Fig. 1, is defined
on the sites of the square lattice as
Gj,` ≡ Γ(f)j,` Oj,` Γ(f)j,`+1 (5)
where Γ
(f)
j,` = (−1)f
†
j,`fj,` is the fermion parity of the mat-
ter fermion on site s in layer ` and
Oj,` =
∏
i∈star(j)
[
1
2
(c†ij,` − cij,`)(c†ij,`+1 + cij,`+1)
]
is an eight-body interaction that couples the fermions on
the links forming a “star” configuration around site s in
layer ` and in layer ` + 1. The operators Gi,` mutually
commute, and satisfy G2i,` = 1. Remarkably, Gi,` also
commute with the Hamiltonian (1) since (i) H` is in-
variant under the local Z2 transformation fi,` → −fi,`,
Γ
(c)
ij,` → −Γ(c)ij,` and (ii) Bp,` overlaps with Gi,` on two
links. For t, µ,∆,K  1, all low-lying eigenstates of H
satisfy the “gauge constraint”
Gi,` |Ψ〉 = |Ψ〉 (6)
at every site i and layer `. In the following, we will re-
strict our attention to these gauge-invariant states.
It is instructive to first study the model (1) in the
limit t = ∆ = 0. The ground state is then simply a
direct product state of the gauge and matter fermions
|Ψgs〉 = |gc〉⊗|0f 〉. Here |0f 〉 is the vacuum state of mat-
ter fermions with Γ(f) = 1 at every lattice site (assuming
µ > 0), while |gc〉 is the ground state of the reduced
Hamiltonian for the gauge fermions
Hc = −K
∑
`,p
Bp,` −
∑
j,`
Oj,`. (7)
This commuting Hamiltonian was introduced in Ref. [13]
as an exactly solvable model for a fracton topological
phase, whose universal properties are robust under any
local perturbations. When placed on the L×L×L three-
torus, Hc exhibits 2
3L−3 degenerate ground states that
are locally indistinguishable. An elementary pi-flux ex-
citation is obtained when the eigenvalue of an operator
Bp,` on a plaquette is flipped. Remarkably, these pi-flux
excitations can only be created in multiples of four by
acting with a membrane operator on the ground state,
3which flips the eigenvalues of Bp,`’s at the corners of the
membrane. Therefore, a single pi-flux is a fracton—it can-
not be moved without creating additional fractionalized
excitations. A self-contained discussion of this model is
provided in the supplemental material [30].
Apart from the pi-flux, our model also hosts gapped
fermionic quasiparticles originating from the matter
fermions on every layer. The fermionic excitations carry
gauge charge, however, and must bind additional exci-
tations in order to be gauge invariant. Adding or re-
moving a bare matter fermion fj,` flips the parity of Γ
(f)
j,`
and locally violates the gauge constraint (6). Instead,
a gauge-invariant quasiparticle is obtained by binding a
matter fermion with an excitation of gauge fermions hav-
ing Oj,` = −1 and Oj,`−1 = −1. Such a gauge excita-
tion can only move within the plane, and has pi mutual
statistics with the pi-flux excitation, which is a fracton.
As a result, the fermionic quasiparticle also has pi mutual
statistics with the pi-flux, reminiscent of a conventional
Z2 gauge theory with charged matter fields.
When t,∆ 6= 0, gauge-invariant eigenstates of H take
the general form |Ψ〉 = P |η〉 ⊗ |ϕ〉η where |η〉 is a state
of gauge fermions with a fixed fermion parity on every
link, so that Γ
(c)
ij,` |η〉 = ηij,` |η〉 with ηij,` = ±1. |ϕ〉η is
an eigenstate of the matter fermions in gauge field con-
figuration η. That is, |ϕ〉η is obtained by substituting the
operators Γ
(c)
ij,` with their eigenvalues ηij,` in the first term
of H, and then solving the resulting quadatric Hamilto-
nian for the matter fermions. Finally, P is a projection
operator, which projects the wavefunction of the matter
and gauge fermions onto the gauge invariant subspace
P ≡
∏
j,`
(
1 +Gj,`
2
)
. (8)
To verify that the above wavefunction is an eigenstate
of H, we note that (i) [P,H] = 0 and that (ii) by con-
struction, |η〉⊗|ϕ〉η is an eigenstate of the first two terms
in H, whose eigenvalue we denote E(η, ϕ). It follows that
H |Ψ〉 =HP |η〉 ⊗ |ϕ〉η = PH |η〉 ⊗ |ϕ〉η
=P
(
E(η, ϕ)−
∑
j,`
Gj,`
)
|η〉 ⊗ |ϕ〉η
=
[
E(η, ϕ)−N
]
|Ψ〉 , (9)
where we have used the identity PGj,` = P , and N is the
number of f fermion sites. The energy spectrum of H is
thus determined by that of the quadratic Hamiltonian for
the matter fermions in a fixed gauge flux configuration.
When K  t,∆, the ground state belongs to the zero-
flux gauge sector (e.g. with ηij,` = 1 on all links),
and the matter fermions realize a px + ipy supercon-
ductor on every layer. As a result of the gauge-matter
coupling, pi-flux excitations of the gauge field are now
bound to vortices of the px + ipy superconductor. When
|µ| > 4t, the px+ipy superconducting state of the matter
fermions is fully gapped and adiabatically connected to
the t = ∆ = 0 limit. Therefore, pi-flux excitations are
topologically equivalent to the fractons of the Hamilto-
nian (7) of gauge fermions only. When |µ| < 4t, however,
the matter fermions in the zero-flux gauge sector realize
a fully-gapped px + ipy topological superconductor on
every layer. In this case, pi-flux excitations become non-
Abelian fractons with internal topological degeneracy, as
we now show.
Recall that a two-dimensional px + ipy topological su-
perconductor hosts localized Majorana zero modes in
vortex cores [27, 28]. When this superconductor is cou-
pled to a Z2 gauge field, the pi-flux-vortex composite ob-
ject becomes a deconfined quasiparticle, which is a well-
studied example of a non-Abelian anyon—the Ising anyon
[5]. N well-separated Ising anyons carry dN degenerate
internal states which cannot be split by local perturba-
tions, with the quantum dimension d =
√
2 originating
from the Majorana zero mode. Bringing two Ising anyons
(σ) together, however, can split the degeneracy, resulting
in either a fermionic excitation (ψ) or a trivial boson (1).
This behavior is captured by the fusion rules
σ × σ = 1 + ψ (10)
as well as the rules σ×ψ = σ, ψ×ψ = 1 and 1× a = a,
with a = 1, ψ, σ. Braiding Ising anyons generates a non-
trivial unitary transformation on their internal states.
In our three-dimensional model, when |µ| < 4t, the
pi-flux bound to a vortex on a single layer hosts a Majo-
rana zero mode, and hence acquires a protected internal
degeneracy with quantum dimension d =
√
2. Unlike
Ising anyons, however, these pi-fluxes are fundamentally
immobile point-like excitations; this property originates
from the fractons in the model (7) for the gauge fermions
before coupling to matter fields. We thus refer to these
fractons, with a topologically protected internal degener-
acy, as “non-Abelian fractons”.
We now study the nature of composite excitations
made from a pair of non-Abelian fractons in our model.
First, we show that the internal degeneracy of pairs of
non-Abelian fractons in distinct layers is protected, even
when they are brought close together. Splitting the de-
generacy requires quasiparticle tunneling between the
two Majorana zero modes. This process is forbidden,
however, since there is no gauge-invariant operator that
can transfer quasiparticles between distinct layers. This
can be seen by observing that the local gauge constraint
Gj,` = +1 gives rise to conserved fermion parity on every
pair of adjacent planes:
∏
j Gj,` = U
(f)
` U
(f)
`+1 = +1, where
U
(f)
` ≡
∏
j Γ
(f)
j,` is the fermion parity in layer `. This par-
ity conservation naturally forbids inter-layer quasiparti-
cle tunneling in the gauge-invariant subspace, so that a
pair of non-Abelian fractons in distinct layers ` and `′ –
referred to schematically as σ`×σ`′ – forms a topological
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FIG. 2. Coupled 2D G gauge theories: Intersecting layers
of 2D gauge theories for finite the group G, stacked in the xy,
yz and xz planes as shown in (a). “Condensing” the excita-
tion in (b) – a composite of four [g] fluxes – can produce a
fracton topological phase, where the fracton excitation inher-
its certain properties from the non-Abelian [g] flux as shown
in (c) and described in the main text.
excitation with quantum dimension (dσ)
2 = 2. This exci-
tation is a non-Abelian anyon that can only move within
the xy plane. Braiding this non-Abelian anyon around a
fracton enclosed in its plane of motion can implement a
unitary transformations on this degenerate Hilbert space;
a particular example is explicitly given in the supplemen-
tal material [30].
We now summarize an alternate prescription for ob-
taining a non-Abelian fracton topological phase where
the fracton excitations carry integer quantum dimension,
which is motivated by an isotropic, layer construction
[21, 22] of a particular fracton phase introduced in Ref.
[17]. The starting point for this construction is an ar-
ray of two-dimensional lattice gauge theories for a finite
gauge group G that are stacked in the xy, yz and xz
directions, as shown in Fig. 2a. Initially, distinct layers
are decoupled and each layer is in the deconfined phase
of the G gauge theory, which hosts gapped charge and
flux excitations that are labeled by irreducible represen-
tations and conjugacy classes of G, respectively. Starting
from this isotropic array, we now introduce an interaction
on the bonds of the lattice; when acting on the ground-
state of the decoupled layers, this coupling has the effect
of creating a pair of fluxes (labeled [g]) in orthogonal
layers as shown in Fig. 2b. We refer to this as a “[g]
composite flux loop”, since this excitation forms a closed
loop on the dual lattice. Increasing the strength of the
inter-layer coupling eventually condenses this excitation,
yielding a ground-state which is given by a superposition
of loop-like excitations built from the 2D [g] fluxes.
We observe that a fracton topological phase is obtained
by considering the excitations that remain deconfined af-
ter this condensation procedure. When the layers are
decoupled, we may act with an array of Wilson line op-
erators in parallel layers to create a sequence of [g] fluxes,
as shown in Fig. 2c. This excitation carries an O(L) en-
ergy cost, where L is the linear dimension of the array.
After condensation of the composite [g] flux loop, the
bulk of this excitation is indistinguishable from a con-
figuration of fluxes that appear in the ground-state. As
a result, in the condensed phase, the bulk of this ex-
citation costs no energy. The membrane-like operator
formed from the array of Wilson lines may create exci-
tations at its corners, however, as the corners appear to
be points where the composite [g] flux loops have bro-
ken open, as shown in Fig. 2c. Due to the geometry
of this operator, these point-like excitations cannot be
moved without nucleating other excitations in the sys-
tem, and we conclude that a single [g]-flux has become
an immobile fracton excitation. The charges and dyons
of the two-dimensional G gauge theory will generically
be confined due to their non-trivial statistics with the
[g] flux. However, the condensation procedure may bind
these into emergent excitations with reduced mobility.
When the gauge group G ∼= Z2, this condensation
procedure yields the so-called X-cube fracton topological
phase [17, 21, 22]; ZN generalizations of the X-cube phase
may be constructed in a similar fashion [21]. However, G
can also be a finite non-Abelian group. In this case, con-
densing a composite flux loop made of non-Abelian fluxes
of the G gauge theory will produce a non-Abelian fracton
topological phase where the immobile fracton excitations
carry a protected internal degeneracy, so long as a single
[g]-flux remains deconfined after this condensation pro-
cedure. Due to the non-trivial statistics and fusion rules
of the [g] fluxes, the general conditions under which this
condensation procedure will yield a non-Abelian fracton
topological phase is not known, though certain examples
may be explicitly analyzed.
In the supplemental material [30], we study coupled
layers of the S3 gauge theory, where S3 is the permuta-
tion group on three elements. Condensing the composite
flux loop formed from the S3 fluxes with quantum di-
mension 3 yields a fracton topological phase, where the
non-Abelian flux becomes an immobile topological exci-
tation. The condensation procedure also has the effect of
binding certain two-dimensional charges into excitations
with restricted mobility, while all mobile charge excita-
tions are confined. For example, while an isolated charge
excitation that corresponds to the alternating represen-
tation of S3 is confined, pairs of these charges remain
well-defined excitations that may only move along lines.
It would be interesting if a similar layer construction us-
5ing other “string-net” models [29] could also yield exotic,
3D phases with immobile fractionalized excitations.
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Checkerboard Model
In this section, we review the properties of the checker-
board model, which was introduced [13] as a solvable
model for a fracton topological phase with local fermionic
excitations. As described in the main text, the model is
recovered in the limit t = ∆ = 0 of the Hamiltonian
(1) as the reduced effective Hamiltonian for the gauge
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Fracton Excitations in the Majorana Cubic Model: 
• Cannot create a single pair of cube excitations from the ground-state  
2
lattice sites
H =  
X
m
Om (1)
so that all operators mutually commute and square to
the identity, i.e.,
[Om,On] = 0, (2)
(On)2 = +1. (3)
The operator On is required to be a product of an even
number of Majorana fermions, so that the fermion parity
of the entire system is conserved. A ground state | i of
(1) will satisfy the constraint that
Om | i = | i , (4)
for all m.
In Section II, we introduce a purely algebraic approach
to systematically search for topological order in commut-
ing Majorana Hamiltonians (1). A similar approach has
been used previously to study topological order in com-
muting Pauli Hamiltonians [9]. We represent the opera-
tor O appearing in (1) as a set of Laurent polynomials
over the field F2, which consists of two elements {0, 1}
with Z2 addition and multiplication. We derive a math-
ematical condition for a set of such polynomials to repre-
sent a commuting Majorana Hamiltonian with topologi-
cal order. This polynomial representation enables us to
analytically determine the topological ground state de-
generacy on a d-dimensional torus and deduce properties
of topological excitations using algebraic methods.
Using this polynomial approach, we demonstrate the
following remarkable results. First, a topologically-
ordered commuting Majorana Hamiltonian on a lattice
with a two-site basis may be entirely specified by a sin-
gle polynomial over F2. The ground state degeneracy for
such a Hamiltonian on a d-dimensional torus of size L,
which we denote by D0, will generally take the asymp-
totic form:
log2D0 = c L
d 2 +O(Ld 3) (5)
for some constant c. We perform an exhaustive analy-
sis and discover a class of commuting Majorana fermion
models on a 3D cubic lattice with a two-site basis, which
exhibit extensive topological degeneracy of the form (5)
with d = 3.
Remarkably, despite being translationally invariant,
our models have fundamental point-like excitations that
are strictly localized in space, and cannot move without
paying a finite energy cost to create additional excita-
tions. Composites of these fundamental excitations, how-
ever, may be created with a local operator, and behave
as particles that are free to move within sub-manifolds
of the d-dimensional lattice. JH: emphasis on mobile
topological excitation? We term these fundamental
excitations that behave as fractions of mobile particles,
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FIG. 1. Majorana Cubic Model: The Majorana cubic
model is defined on a cubic lattice, as in (a), with a single
Majorana fermion per lattice site (colored red). The operator
On is the product of the 8 Majorana fermions at the vertices of
a cube. The Hamiltonian is a sum of these local operators over
every other cube (colored blue) in a checkerboard pattern. As
any pair of operators either share exactly one edge or none, all
operators mutually c mmute. We choose to label the cubic
operators A, B, C, and D as show in (b). Acting with a
single Majorana operator  j creates thes four excitations.
“fractons.” Furthermore, we refer to bound states of frac-
tons that can only move freely along an n-dimensional
manifold as “dimension-n” particles. In particular, a
dimension-2 particle can be an anyon with a well-defined
fractional statistics.
To motivate further study of ideal Majorana Hamilto-
nians, we now describe in detail the phenomenology of
fracton excitations and their composites in the simplest
of our models, the Majorana cubic model. As shown in
Figure 1(a), here the operator On is the product of the
eight Majorana fermions at the vertices of a cube. The
Hamiltonian is simply the sum of these operators over
a face-centered-cubic array of cubes, forming a three-
dimensional checkerboard. Since adjacent cubes share
a common edge with two vertices, operators On on dif-
ferent cubes are mutually commuting, and their common
eigenstate defines the ground state. For convenience in
later analysis, we choose to identify four species of cube
operators – A, B, C, and D – as shown in Figure 1(b).
A fundamental excitation in the Majorana cubic model
is obtained when the eigenvalue of a cube operator On is
flipped. Since the product of On over all cubes of a single
• Membr ne operator         creates fracton 
excitations at corners of the membrane 
boundary . 
M⌃
5
Mˆ
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FIG. 4. Membrane Operator & Fracton Excitations: Acting
with a product of Majorana operators on a surface ⌃ creates
localized excitations at the corners of the boundary @⌃ as
shown above.
txty
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FIG. 5. The cubic operator acts on the eight Majorana
fermions on the JH: edges of the cube. The lattice transla-
tion operators are shown above along with the two-site unit
cell, colored in blue and red, respectively.
gebraic representation of the Majorana cubic model, we
compute its ground-state degeneracy D0 to be
log2D0 = 3L  2 (9)
on an L⇥ L⇥ L three-torus, with the choice of transla-
tion vectors shown in Figure 5. JH: It is possible to
compute the degeneracy using the usual count-
ing, by inserting (x¯yz)L  1, (xy¯z)L  1, (xyz¯)L  1 in
place of xL 1, yL 1, zL 1. Pairs of string-like Wilson
loop operators wrapping non-trivial cycles of the torus –
corresponding to tunneling dimension-2 anyons – distin-
guish the ground-state sectors. As the number of distinct
dimension-2 anyons grows linearly with system size, the
ground-state degeneracy is necessarily extensive.
We emphasize that the algebraic approach allows us
to systematically search for topologically-ordered, ideal
Majorana Hamiltonians, rigorously characterize the na-
ture of excitations, and calculate the ground-state de-
generacy in a wide range of Majorana models using tech-
niques in algebraic geometry. As a result, the next two
sections of this work introduce and focus on the polyno-
mial representation of ideal Majorana Hamiltonians and
draw broad conclusions based on this representation. In
Section III, we present the 5 distinct three-dimensional
Majorana models with JH: Did we agree to use the
term “nearest”? nearest-neighbor interactions that
are topologically-ordered. We conclude, in Section IV,
with a proof of the presence of fractons in the Majorana
cubic model, and outline the phenomenology of excita-
tions in the remaining 4 Majorana models. JH: Maybe
we can come back to this paragraph after every-
thing is written in the corresponding section.
II. TOPOLOGICAL ORDER IN COMMUTING
MAJORANA HAMILTONIANS
In this section, we introduce a representation of the op-
erators in the ideal Majorana Hamiltonian (1) as a vector
of Laurent polynomials over the finite field F2. The alge-
braic representation provides an important starting point
for studying and classifying Majorana Hamiltonians. We
demonstrate that the following conditions that
(i) All operators in the ideal Hamiltonian mutually
commute, and
(ii) Degenerate ground-states of the Hamiltonian are lo-
cally indistinguishable
may be phrased entirely in the polynomial representa-
tion. The ground-state degeneracy of an ideal Majorana
Hamiltonian (1) on the torus can be computed as the
dimension of a quotient ring [9].
We demonstrate that an ideal Majorana Hamiltonian
obeying (i) and (ii) on a lattice with a two-site basis JH:
single interaction term may be specified by a single
polynomial over F2. We use this result to systematically
search for and characterize commuting Majorana Hamil-
tonians. In d = 3 dimensions, we find 5 distinct models
with JH: cubic? nearest-neighbor interactions, exten-
sive topological degeneracy, and a dimensional hierarchy
of excitations.
A. Algebraic Representation
To study commuting Majorana Hamiltonians, we rep-
resent the operator O appearing in Eq. (1) as a polyno-
mial over the field F2. A similar mapping has been in-
troduced in the context of Pauli Hamiltonians [9]. Con-
sider a d-dimensional lattice with translation operators
{t1, . . . , td} and a 2n-site unit cell. JH: 2n because
we want one complex fermion? We label the Ma-
jorana fermions within the unit cell at the origin as  j
for j = 1, 2, . . . , 2n. All other Majorana fermions on the
lattice are obtained by acting with translation operators.
Any Hermitian operator acting on this lattice may be
written as a sum of products of Majorana operators. For-
mally, we may write a summand O as
O =
2nY
j=1
Y
{ni}
(tn11 · · · tndd ·  j)cj(n1,...,nd) (10)
• Act with a single Majorana to create ABCD (fermion) excitation 
• If a single cube excitations is mobile, it may move in any direction, 
by symmetry.  Must have either Bose or Fermi statistics 
• Contradiction: four-cube excitation can never be a fermion 
• Conclusion: cube excitations must be immobile 
 j | gsi
Ex. — Checkerboard Model
(b)
FIG. 3. Checkerboard Model: Majorana fermions are
placed on the sites of a three-dimensional cubic lattice. At
each cube, the fermion parity is defined by the product of the
eight Majorana fermions at the vertices. The checkerboard
model is given by summing this operator over the blue cubes
on the lattice, which form a checkerboard array. Adapted
from Ref. [13].
fermions (cij,`, c
†
ij,`), as explicitly presented in (7).
To analyze the properties of the checkerboard model,
it is convenient to recall that any complex fermion c, c†
may be re-written in terms of a pair of Majorana fermions
as
c† =
γ1 + iγ2
2
c =
γ1 − iγ2
2
(11)
where the Majorana fermions γi satisfy canonical anti-
commutation relations {γi, γj} = δij . Rewriting each
gauge fermion as a pair of Majorana fermions yields
a simple representation of the checkerboard model (7)
in terms Majorana fermions on the sites of a three-
dimensional cubic lattice. The Hamiltonian for the
checkerboard model (7) now takes the simple form
Hc = −
∑
c
′Oc (12)
where Oc is defined as the product of the eight Majorana
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(i 2n 2n+1)A
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`
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FIG. 4. Mobile Fractionalized Excitations: Pairs of frac-
tons – appearing (a) at the ends of a line-like operator or at
the end of (b) a “short” membrane – are fractionalized exci-
tations that with reduced mobility. The excitation in (a) can
move along the line defined by the line-like operator while the
one in (b) is free to move in a plane orthogonal to the short
membrane. Adapted from Ref. [13].
operators on the vertices of cube c
Oc =
∏
j∈c
γj (13)
while the sum in (12) is taken over a checkerboard array
of cubes, as indicated by the colored blue cubes in Fig.
3a. To connect with the presentation in the main text,
we note that after this re-writing, the operators Bp,` that
favor zero-flux of the Z2 gauge field become cube opera-
tors on the even layers of cubes in the checkerboard ar-
ray, while the inter-layer interaction Oj,` between gauge
fermions becomes a cube operator on the odd layers. We
observe that all of the operators Oc mutually commute
and square to the identity
O2c = +1 [Oc, Oc′ ] = 0 (14)
so that the ground-state of (12) satisfies Oc |Ψgs〉 = |Ψgs〉
for all of the cubes.
As shown in Ref. [13], the Hamiltonian (12) pos-
sesses an exotic kind of three-dimensional topological or-
der with immobile, fractionalized excitations. First, we
note that the ground-state of the Hamiltonian exhibits a
sub-extensive degeneracy when placed on the three-torus,
and that remarkably, the ground-states are locally indis-
tinguishable [13]. In other words, fixing the eigenvalues
of {Oc} determines all of the local observables in the sys-
tem. Therefore, certain fundamental properties of the
solvable Hamiltonian (12), including its degeneracy on
the torus and the nature of the fractionalized excitations
above the ground-state, are robust even in the presence
of local perturbations and are essential properties of a
stable phase of three-dimensional quantum matter.
The sub-extensive “topological” degeneracy (e.g. D =
26L−6 on the L×L×L three-torus [13]) arises due to the
fact that the gapped, fractionalized excitations that may
be created in the checkerboard model have severely re-
stricted mobility. The fundamental excitations above the
ground-state are obtained by acting with local operators
to flip the eigenvalue of certain cube operators appearing
in (12). For example, acting on the ground-state with a
membrane-like operator Mˆ which is given by a product
of Majorana operators over the sites of a flat, rectangu-
lar region of the lattice as shown in Fig. 3b, creates four
excitations at the corners of the membrane (Oc = −1
for the blue cubes in Fig. 3b). The elementary fraction-
alized excitation (Oc = −1) can only be created at the
corners of a membrane-like operator – in stark contrast
to point-like excitations in a conventional gauge theory,
which appear at the ends of Wilson line operators – due
to the fact that on the torus, the product of the Oc op-
erators along any plane (xy, yz or xz) is equal to the
identity. These excitations, termed “fractons” [17], are
therefore immobile. That is, attempting to move a single
excitation at the corner of the membrane will necessarily
nucleate other gapped excitations in the system.
Pairs of fractons, however, behave as fractionalized
excitations with restricted mobility. This is most sim-
ply seen by taking one dimension of the membrane-like
operator Mˆ to be small. The resulting excitation (the
“dimension-2” quasiparticle in the language of Ref. [13])
, as shown in Fig. 4b, is free to move along a plane orthog-
onal to the membrane, and has nontrivial mutual statis-
tics with a fracton excitation contained within its plane
of motion. The gauge-matter coupling discussed in the
main text amounts to binding the fermionic excitations
of the superconductor to this dimension-2 quasiparticle.
Non-Abelian Fractons and Braiding
In this section, we demonstrate that appropriately
moving and braiding the non-Abelian anyon formed from
a pair of fractons (σ` × σ`′) in our model, implements a
unitary transformation on the space of degenerate, lo-
cally indistinguishable states. The nature of the uni-
tary transformation may be determined, up to an overall
Abelian phase, by observing that a membrane-like oper-
ator that moves a pair of fractons in distinct layers must
conserve the parity of the matter fermions U
(f)
` within
each layer, as required by gauge invariance, and so that
no other excitations are created in the system. There-
fore, a vertical membrane operator that exchanges pairs
of well-separated fractons, as in Fig. 5b, must affect the
following transformation on the fermionic zero mode op-
erators shown γ1 → γ2, γ2 → −γ1, γ3 → γ4, γ4 → −γ3,
up to an overall choice of sign in each layer.
The resulting unitary transformation may be written
by pairing the fractons as shown in Fig. 5a, to form
a basis for the protected, 24−2 = 4-dimensional Hilbert
space shown. Using basis states |1, 1〉, |1, ψ〉, |ψ, 1〉, |ψ,ψ〉
which describe the fusion channels of a pair of fractons in
layer `1 and in `2, respectively, and using the F - and R-
matrices for Ising anyons [5], we observe that the fracton
7`1
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FIG. 5. Braiding Transformations: By applying
membrane-like operators, we may exchange pairs of fractons
in nearby layers to affect unitary transformations on the de-
generate states in the Hilbert space.
exchange shown in Fig. 5b affects the diagonal trans-
formation B1 = e
iθΓ diag
(
e−ipi/4, eipi/4, eipi/4, −e−ipi/4),
while the exchange process in Fig. 5c is off-diagonal
B2 = e
iθΓ B ⊗B. (15)
where B ≡ ieipi/4(1− iτx)/2 and τx is the spin-1/2 Pauli-
X operator. Here, the overall Abelian Berry phase eiθΓ
can depend on the number of fractons that lie in the
planes between `1 and `2, and that have been enclosed
by the membrane operator used to exchange the frac-
tons. Such a phase arises since pairs of fractons in the
Majorana checkerboard model have pi mutual statistics
with fractons contained within their plane of motion.
Coupled G Gauge Theories and Non-Abelian
Fractons
Consider the quantum double model, as originally
introduced in Ref. [26], which describes the zero-
correlation length limit of the deconfined phase of a 2D
gauge theory with finite gauge group G. Within each
layer, degrees of freedom are placed on the oriented links
of a square lattice, and labeled by the elements of the
finite group G. The Hamiltonian takes the form
H` = −
∑
s
As −
∑
p
B[1]p (16)
where the “flux” operator at a plaquette p projects onto
a state where the oriented product of the degrees of free-
dom along links surrounding p are equal to the identity.
We define B
[g]
p as
B[g]p ≡
∑
z1z2z3z4∈[g]
|z1, z2, z3, z4〉 〈z1, z2, z3, z4| (17)
where [g] is the conjugacy class associated with the group
element g ∈ G. The “star” operator As multiplies the
oriented links surrounding site s by elements of G as fol-
lows:
As ≡ 1|G|
∑
g∈G
A(g)s (18)
FIG. 6. Quantum Double Layer: A single layer of the
quantum double model [26] on the square lattice. The action
of the star (As) and plaquette (Bp) operators on each link is
described in the text.
where
A(g)s ≡
∑
{zi}∈G
|gz1, z4g−1, gz5, z6g−1〉 〈z1, z4, z5, z6|+ h.c.
with z1, . . ., z6 as shown in Fig. 6. The two operators As,
B
[g]
p commute and are both projection operators. As a
result, the ground-state of a single layer satisfies As |Ψ〉 =
B
[1]
p |Ψ〉 = |Ψ〉.
The quantum double model, which describes the zero
correlation-length limit of all lattice gauge theories with
a finite gauge group in (2+1)-dimensions, admits gapped
charge and flux excitations, which live on the sites and
plaquettes of the lattice, respectively, and are obtained
by acting on the ground-state with a “ribbon”-like op-
erator [26]. Pure charge excitations are labeled by irre-
ducible representations of G, while pure fluxes are labeled
by conjugacy classes C of the group. More generally, a
charge-flux composite (dyon) is labeled by C, as well as
an irreducible representation of the centralizer of C, de-
noted CC . As an example, G = S3 – the permutation
group on three elements – may be parametrized as
S3 = {1, x, y, y2, xy, yx} (19)
where the elements x and y satisfy
x2 = 1 y3 = 1 yx = xy2 (20)
The three conjugacy classes of S3 – {1}, {y, y2}, and
{x, xy, yx}, which we label as [1], [x] and [y] respectively
– have centralizers S3, Z2 and Z3, respectively. The ir-
reducible representations of S3 include the trivial repre-
sentation, the sign representation (“sgn”), as well as the
standard two-dimensional representation. A full list of
the eight excitations in the S3 lattice gauge theory are
8given below
Excitation Flux Charge d
A · · 1
B · sgn 1
C · 2 2
D [x] · 3
E [x] −1 3
F [y] · 2
G [y] ω 2
H [y] ω 2
Here ω and ω label the two non-trivial representations
of Z3 while −1 denotes the non-trivial representation of
Z2. The last column is the quantum dimension of each
excitation, which is given by
dC,Rep(CC) ≡ |C| · dim Rep(CC). (21)
The coloring of the excitations is to denote the neu-
tral vacuum (black), pure charge (red), flux (blue) or
a dyon (green) excitation. For our purposes, we will
be concerned with the non-Abelian flux D, whose rel-
evant fusion rules for our purposes we write suggestively
as D × A = D; D × F = D × (1 + B); D × D =
(1+C) + F× (1+C).
We now consider intersecting layers of the quantum
double model for a group G, where each layer ` is de-
scribed by the Hamiltonian
H` = −
∑
s
As,` −
∑
p
B
[1]
p,` (22)
The layers are placed in an intersecting configuration,
as shown in Fig. 2a of the main text, to form a cubic
lattice with two G-degrees of freedom per link. Further-
more, the layers are arranged so that a pair of overlapping
links from orthogonal layers have opposite orientation, as
shown in Fig. 2a. The state on link 〈s, s′〉 is now labeled
|zss′ , wss′〉. On a given link, we may explicitly write the
operator that creates two pure flux excitations in each of
the adjacent, orthogonal layers meeting at link 〈s, s′〉 as
W
[g]
ss′ ⊗ W˜ [g]ss′ where
W
[g]
ss′ ≡
1
|G|
∑
zss′∈G
∑
h∈[g]
|zss′h〉 〈zss′ | (23)
acts on zss′ , while W˜
[g]
ss′ acts identically on other degree
of freedom (wss′) on the same link. We claim that the
following Hamiltonian for the coupled quantum double
layers
H =
∑
`
H` −∆
∑
〈s, s′〉
O[g]ss′ (24)
where
O[g]ss′ = W [g]ss′ ⊗ W˜ [g]ss′ + h.c. (25)
z1
z2
z3
z5
z6
z7
p
p0
w
w0
FIG. 7. Setup for computing the commutator of O[g]ss′ and Oc,
as discussed in the text.
can give rise to a fracton topological phase in the limit
that ∆  1, for an appropriate choice of flux [g]. The
action of O[g]ss′ on the decoupled layers of quantum double
models is shown schematically in Fig. 2b of the main
text. We refer to this process for generating a fracton
topological phase, where the immobile excitations carry
a non-trivial quantum dimension, as composite [g] flux
loop condensation.
We now study the emergence of a fracton phase from
an intersecting array of quantum double layers for the
group G = S3 – the permutation group on three elements
– after condensing the composite flux loop formed from
the non-Abelian flux D associated with the conjugacy
class [x]. When ∆  1, the state on each link must
satisfy
O[x]ss′ |h˜ss′〉 =
1
2
|h˜ss′〉 (26)
and we may derive a low-energy effective theory that acts
exclusively within this subspace. To derive this effective
Hamiltonian, we begin by noting that [As,`,O[x]ss′ ] = 0,
which may be verified by explicit calculation. Addition-
ally, observe that the flux operators B
[g]
p,` do not generally
commute with O[x]ss′ , since the latter has the effect of cre-
ating D flux excitations. Specific products of the charge
and flux operators may commute with O[x]ss′ , however, as
certain local conservation laws may remain even after
condensing the non-Abelian D flux loop. When ∆  1,
we find that the effective Hamiltonian takes the form
Heff = −
∑
s,`
As,` −K
∑
c
Oc − · · · (27)
where K ∼ ∆−6 is determined in perturbation theory,
and the operator Oc is defined as
Oc ≡
∏
p,`∈∂c
(
2B
[x]
p,` − 1
)
(28)
with the product taken over the six plaquettes surround-
ing cube c. The ellipsis in (27) denotes other opera-
tors that commute with O[x]ss′ at all sites that arise from
higher-order perturbation theory.
9The second term appearing in the effective Hamilto-
nian reflects the fact that after condensing the compos-
ite D flux loop, any configuration of fluxes appearing in
the ground-state must be such that there are an even
number of these fluxes at every cube on the lattice. The
zero-flux condition in a single quantum double layer has
been replaced by an emergent constraint on the parity
of the D fluxes at each cube. We now verify that this is
indeed an emergent conservation law (i.e. [Oc,O[x]ss′ ] = 0)
by explicitly by evaluating the commutator between the
operators (2B
[x]
p,` − 1)(2B[x]p′,`′ − 1) and O[x]ss′ – as defined
on the orthogonal plaquettes p and p′ that overlap on
the link 〈s, s′〉 as shown in Fig. 7 – when acting on an
arbitrary state |ψ〉 ≡ |z1, z2, z3, z4, z5, z6, w, w′〉. Observe
that[
O[x]ss′ , (1− 2B[x]p,`)(1− 2B[x]p′,`′)
]
|ψ〉
=
1
|S3|
∑
h,h′∈[x]
f({zi}, w, w′, h, h′) |{zi}, wh,w′h′〉
where
f({zi}, w, w′, h,h′) = (1− 2 δz6z7w′z5∈[x])(1− 2 δwz1z2z3∈[x])
− (1− 2 δz6z7w′h′z5∈[x])(1− 2 δwhz1z2z3∈[x])
Here the Kronecker delta δg∈[x] = 1 iff g ∈ [x] and
is 0 otherwise. We observe that a · b ∈ [x] iff only
one of the elements a or b is a member of [x]. There-
fore, for any g, k ∈ S3 and h ∈ [x], we find that
(1 − 2δghk∈[x]) = −(1 − 2δgk∈[x]). This immediately im-
plies that f({zi}, w, w′, h, h′) = 0 and confirms the claim
that [Oc, O[x]ss′ ] = 0.
To summarize, we have shown that even after condens-
ing the composite D flux loop, the parity of the fluxes
at every cube on the lattice remains well-defined. While
this parity is fixed to be Oc = +1 in the ground-state,
acting with line- and membrane-like operators can cre-
ate patterns of gapped excitations (Oc = −1) which are
fundamentally immobile. Observe that when ∆ 1, act-
ing on the ground-state with a Wilson line [26] will cre-
ate four such excitations, by anti-commuting with four
of the cube operators Oc; each pair of excitations will
be located at the two ends of the Wilson line. As ex-
plained in the main text, an array of these Wilson lines
will create four such excitations that are well-separated
and which are fundamentally immobile due the geome-
try of the membrane-like operator, i.e. a single excitation
cannot be moved without creating other such excitations
in the system. As in the Majorana checkerboard model,
the product of the Oc operators along any plane is equal
to the identity, after imposing periodic boundary condi-
tions. This non-local constraint implies that the cube
excitations may only be created in clusters of four at the
corners of an operator with support on a flat, membrane-
like region. As advertised, the non-Abelian D flux re-
mains deconfined after coupling the S3 quantum double
layers, and has become an immobile fracton excitation in
the condensed phase.
Other excitations also remain deconfined in the con-
densed phase. We do not present an exhaustive list
of these excitations here, but instead argue that when
∆  1 a bound pair of the B charges in orthogonal
layers, which is only free to move along a line without
proliferating additional excitations (i.e. a “dimension-
1 quasiparticle” in the language of Ref. [17]), remains
a deconfined excitation with reduced mobility, while all
of the pure charge excitations are confined. Recall that
within a single layer of the 2D G gauge theory, the op-
erator that creates a pure charge excitation, associated
with the irreducible representation R of the group G is
given by
W(R)ss′ =
∑
zss′∈G
χ
R
(zss′) |zss′〉 〈zss′ | (29)
where χ
R
(g) = Tr
R
(g) is a character of the represen-
tation R. The operator that creates the non-Abelian
D flux does not commute with (29). Observe that
[W
[x]
ss′ ,W(R)ss′ ] 6= 0, so that an isolated charge cannot be
created within the low-energy subspace defined by (26)
when ∆  1. Notably, however, the operator that
creates two B charges in orthogonal layers at a given
link commutes with the composite D flux loop conden-
sation, i.e. [W(sgn)ss′ ⊗ W˜(sgn)ss′ ,O[x]ss′ ] = 0, as may be
verified by explicit calculation, using the fact that the
characters for the sign representation of S3 are simply
χ
sgn
(1) = χ
sgn
(y) = 1, χ
sgn
(x) = −1. Here, the operators
W(sgn)ss′ and W˜(sgn)ss′ act on the two degrees of freedom z
and w at link 〈s, s′〉, respectively:
W(R)ss′ ⊗ W˜(R)ss′ ≡
∑
z,w∈G
χ
R
(zss′)χR(wss′) |zss′ , wss′〉 〈zss′ , wss′ |
Therefore, we conclude that while all of the isolated pure
charge excitations are confined, a bound pair ofB charges
in orthogonal layers is a deconfined excitation, which may
be moved along a line by sequentially applying the op-
erator W(sgn)ss′ ⊗ W˜(sgn)ss′ . Since this excitation is formed
from a composite of excitations in adjacent layers, it is
only free to move along the line along which the layers
intersect, and is therefore a dimension-1 quasiparticle in
the language of Ref. [13].
